Virtual sources can be created in several ways. In seismic interferometry, a virtual source is created by crosscorrelating responses at different receivers, which are illuminated from all directions. Seismic interferometry can be mathematically described by the homogeneous Green's function representation, which is a closed boundary integral.
Introduction
Virtual seismic sources can be created in several ways. In seismic interferometry, a virtual source is created by crosscorrelating responses at different receivers. An underlying assumption is that the receiver which will be turned into a virtual source is illuminated from all directions. This is for example the case when the primary sources are distributed along a closed boundary. This situation is mathematically described by the homogeneous Green's function representation (Porter, 1970; Oristaglio, 1989) . With this representation, the homogeneous Green's function G h (x A , x B ,t) = G(x A , x B ,t) + G(x A , x B , −t) is expressed in terms of a closed boundary integral.
More recently it has been shown that virtual sources can be created with the Marchenko method (Broggini and Snieder, 2012; Broggini et al., 2014; Wapenaar et al., 2014; van der Neut et al., 2015) . Unlike seismic interferometry, the Marchenko method does not require an actual receiver at the position of the virtual source and, equally important, the position of the virtual source needs only be illuminated from one side. Using reflection experiments at the Earth's surface and an estimate of the direct waves between the virtual source and the surface, it is possible to create the response to the virtual source, observed by receivers at the surface. Recently we have shown that it is also possible to obtain the response to the virtual source, observed by virtual receivers in the subsurface, again from reflection measurements at the surface (Wapenaar et al., 2016) . Mathematically this is described by a single-sided homogeneous Green's function representation. With this representation the homogeneous Green's function
is expressed in terms of an open boundary integral. Originally we derived this representation by showing how a part of the closed boundary integral in the classical homogeneous Green's function representation vanishes if we introduce a specific auxiliary function in this representation. Here we present an alternative derivation of the single-sided homogeneous Green's function representation and illustrate it with a numerical example.
The classical homogeneous Green's function representation
We start with Rayleigh's reciprocity theorem (Fokkema and van den Berg, 1993) for two acoustic states A and B in a domain D enclosed by boundary ∂ D with outward pointing normal n = (n 1 , n 2 , n 3 ). In the frequency domain this theorem reads
Here q A and p A are the source (volume injection-rate density) and wave field (acoustic pressure) in state A, whereas q B and p B are these quantities in state B. Furthermore, ρ is the mass density, ω denotes angular frequency, j is the imaginary unit and ∂ i denotes differentiation with respect to x i . Einstein's summation convention applies to repeated subscripts. The medium parameters for states A and B are identical in D, hence, the two states obey the same wave equation in D, but at and outside ∂ D the medium parameters may be different. Because of the time-reversal invariance of the wave equation, the complex conjugates −q * A and p * A obey the same wave equation as q A and p A . Making these replacements in equation (1) we obtain a second form of Rayleigh's reciprocity theorem (Bojarski, 1983) 
Substituting (2), with x A and x B both situated in D, gives (Porter, 1970; Oristaglio, 1989; Wapenaar and Fokkema, 2006 ) Single-sided homogeneous Green's function representation We redefine D as the domain enclosed by two horizontal boundaries ∂ D R and ∂ D A , and a cylindrical boundary ∂ D cyl . Here ∂ D R is the accessible boundary of the medium where the measurements take place. For simplicity we will assume it is a horizontal boundary, defined by x 3 = x 3,R . Furthermore, ∂ D A is a horizontal boundary at the depth of x A , hence, it is defined by x 3 = x 3,A . Finally, ∂ D cyl is a cylindrical boundary with a vertical axis through x A and infinite radius. This cylindrical boundary exists between ∂ D R and ∂ D A and closes the boundary ∂ D. The contribution of the boundary integral over ∂ D cyl in equations (1) and (2) vanishes (but in equation (2) for another reason than Sommerfeld's radiation condition (Wapenaar et al., 1989) ). We modify equations (1) and (2) (Wapenaar et al., 1989) . Hence
(5) The downgoing and upgoing fields are pressure-normalised, hence, p
Equation (4) is exact, whereas in equation (5) evanescent wave components on ∂ D A are neglected. We use equations (4) and (5) to derive a single-sided representation for the homogeneous Green's function. To this end we introduce a focusing function f 1 (x, x A , ω), where x A denotes the focal point on ∂ D A . We define the focusing function in a reference medium, which is identical to the actual medium in D, but homogeneous above ∂ D R and below ∂ D A . We explicitly write the focusing function as a superposition of its downgoing and upgoing constituents, according to see Figure 2 . The downgoing field f + 1 (x, x A , ω) is incident to the reference medium from the homogeneous upper half-space (x 3 < x 3,R ). This field is shaped such that at the focal depth x 3 = x 3,A the following conditions are obeyed Slob et al., 2014 )
Here x H stands for the horizontal components of the coordinate vector, hence, x H = (x 1 , x 2 ) and x H,A = (x 1,A , x 2,A ). The factor − 1 2 jωρ(x) is chosen for convenience. At and below the focal depth there is no upgoing field because the reference medium is homogeneous below this depth. A focusing function which exactly obeys condition (7) is unstable in the evanescent field. In the following we exclude evanescent wave components and tacitly assume that the spatial delta function in equation (7) is band limited. The focusing function f 1 (x, x A , ω), defined in the reference medium, will play the role of state A in equations (4) and (5). The Green's function G(x, x B , ω), defined in the actual medium, will play the role of state B. Its source at x B may lie above or below x A . Substituting p (4) and (5), using equations (6) , x B , ω) , and summing the results, gives
where H(x 3 ) is the Heaviside function and ℑ denotes the imaginary part. Taking the real part of both sides of this equation gives
(10) This is the single-sided representation of the homogeneous Green's function, see Figure 1 (b). The Green's function G(x, x B , ω) in the right-hand side can be expressed in a similar way, according to
with x on ∂ D R and x on ∂ D S , just above ∂ D R . Note that G(x, x , ω) stands for the reflection response at the surface. Hence, equations (10) and (11) together describe redatuming of G(x, x , ω) from the surface, yielding G h (x A , x B , ω) in the subsurface. The required focusing functions can be derived from the reflection response at the surface and an estimate of the direct arrivals, using the iterative Marchenko method . The entire redatuming process is illustrated in Figure 3 . Figure 3 (a) shows a 2D inhomogeneous medium. We modelled the reflection responses G(x, x , ω) for 600 sources and 600 receivers, with a horizontal spacing of 10 m, at the upper boundary. The central frequency of the band-limited source function is 30 Hz. We use the Marchenko method to obtain the focusing functions and substitute these into equation (11) to redatum the sources from x to x B , and subsequently into equation (10) to redatum the receivers from x to x A . We thus obtain Figures 3(b) , (c) and (d) show snapshots of this function for t = 0.004 s, t = 0.15 s and t = 0.30 s, respectively, each time for fixed x B = (0, 800) and variable x A .
Conclusions
We have presented a straightforward derivation of single-sided homogeneous Green's function representations, which can be used to create virtual sources and virtual receivers in the subsurface from the reflection response at the surface and an estimate of the direct arrivals. An illustration of the application of these representations is given in Figure 3 . Note that no information about the positions and shapes of the scattering interfaces has been used, yet this virtual response clearly shows how scattering occurs at the interfaces. A multiple-free image can be obtained by selecting G h (x B , x B ,t = 0) for all x B of interest. However, G h (x A , x B ,t) contains a wealth of additional information (including local AVA), of which the applications will be further investigated. One of the many potential applications is the prediction of the propagation of micro-seismic signals through an unknown earth.
